Approximate Analytical Solution of Non-linear Equation in One Dimensional Instability Phenomenon in Homogeneous Porous Media in Horizontal Direction by Variational Iteration Method  by Mistry, P.R. & Pradhan, V.H.
 Procedia Engineering  127 ( 2015 )  970 – 977 
1877-7058 © 2015 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
Peer-review under responsibility of the organizing committee of ICCHMT – 2015
doi: 10.1016/j.proeng.2015.11.445 
ScienceDirect
Available online at www.sciencedirect.com
International Conferen*ce on Computational Heat and Mass Transfer-2015 
Approximate Analytical Solution of Non-linear Equation in One 
Dimensional Instability Phenomenon in Homogeneous Porous 
Media in Horizontal Direction by Variational Iteration Method 
P R Mistrya , V H Pradhanb 
aDepartment of Mathematics, SRICT-393135, Vataria, India 
bDepartment of Mathematics and Humanities, SVNIT-395007, Surat, India
Abstract 
The present paper analytically discusses Instability phenomenon in double phase flow through homogeneous porous media in 
horizontal direction. This phenomenon is very important in oil recovery. Mathematical model for Instability phenomenon in 
homogeneous porous media in horizontal direction without source or sink is derived. Governing nonlinear partial differential 
equation has been solved using Variational iteration method with the help of specific initial and boundary conditions.  
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1. Introduction 
In many instances, the pressures found in reservoirs are extremely high. Often these pressures are high enough to 
force the residence fluid to flow through the porous medium and out of the wells without much pumping efforts at 
the wells. This type of recovery is known as primary recovery. As the reservoir pressure is depleted through fluid 
extraction, the hydrocarbons flow more slowly and production rate decrease. Often primary recovery leaves 70-85%  
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or more of the hydrocarbons in the reservoirs. Subsequently, a fluid like water may be injected into some wells in 
the reservoirs while petroleum is produced through others. This serves the dual purpose of maintaining high 
reservoir pressure and flow rates and also of flooding the porous medium to physically displace some of the oil and 
push it towards the production wells. This type of pressure maintenance and water flooding is known as secondary 
recovery. In this process the water does not mix with the oil due to surface tension effect and the process is termed 
immiscible displacement [1, 2, 3]. 
If the flow rate is sufficiently high, the interface between the resident petroleum and the invading water becomes 
unstable and tends to form long fingers which grow in length towards the production well, by passing much of the 
hydrocarbons. This phenomenon is known as viscous fingering [4] shown in Figure-1. The present paper discusses 
specific problems of instability (fingering) phenomenon in a homogeneous porous medium in horizontal direction 
from the statistical view point. In the statistical treatment of fingers shown in Figure-1, only the average behaviour 
of the two fluids involved is taken into consideration. The saturation of ( )fluidth ii S is defined as the average cross 
sectional area occupied by the thi  fluid at the level x  at any time t  i.e. ( ),i iS S x t= .Thus the saturation of the 
displacing fluid in porous medium represents the average cross sectional area occupied by fingers. This phenomenon 
has been studied by different authors in different point of view such as Meher has studied it using Adomian 
decomposition method [5]. Pradhan, Mehta etc. have discussed this phenomenon by finding numerical solution with 
the help of Finite element method [6]. Verma has discussed this phenomenon in heterogeneous porous media [7]. 
Most of real world problems and phenomenon occur nonlinearly. Except in a limited number of these problems, 
we have difficulty in finding their exact analytical solutions. Therefore, approximate analytical solutions are 
searched with the help of existing techniques such as Variational iteration method [8,9,10,11,12], Homotopy 
perturbation method [13], Adomian decomposition method, etc. It was shown by many authors that Variational 
iteration method is more powerful than Adomian decomposition method and Homotopy perturbation method [14]. 
In this paper, Instability phenomenon in homogeneous porous media without source or sink has been solved by 
considering the maximum size distribution and Penetration length of fingers using variational iteration method. 
Figure 1: Schematic presentation of Fingering Phenomenon 
2. Mathematical Formulation 
As shown in Figure-1, a well developed fingers flow is furnished on account of uniform water injection into the oil 
saturated isotropic, homogeneous porous medium. Our particular interest in the present investigation is to develop a 
mathematical model without considering source or sink and discuss the fingering phenomenon analytically by using 
variational iteration method. 
Darcy’s law gives the seepage velocity of water and oil as 
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where K  is the permeability of the homogeneous porous medium, ik  and nk are the respective relative permeability 
of water and oil, iP and nP are the respective pressure of water and oil, iμ and  nμ  are the respective viscosity of 
water and oil. 
The equations of continuity of two phases without source or sink are given as,  
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Since the porous medium is considered to be homogeneous, the porosity m  will be constant at each point of the 
medium. The two immiscible fluids water and oil are assumed to be incompressible their density iρ  and nρ  are 
also constants. Hence the above equations become 
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where iS  and nS  are the saturation of water and oil respectively and m is the porosity of the medium.  
From the definition of phase saturation, 
1i nS S+ =                                                                                                                                                                     (7)         
The capillary pressure CP , defined as the pressure discontinuity of the flowing phases across their common interface 
is given by, 
C n iP P P= −                                                                                                                                                                   (8)         
For definiteness we assume capillary pressure CP  as a linear function of the saturation of water  
( iS ) as 
C iP Sβ= −                                                                                                                                                                     (9)   
The relative permeability of water and oil are considered from the standard relationship due to Scheidegger and 
Johnson [15] given by 
i ik S=                                                                                                                                                       (10)         
1
n n ik S S= = −                                                                                                                                                            (11)         
The equations of motion for saturation are obtained by substituting the values of Eq. (1) and (2) in Eq. (5) and (6) 
respectively as,  
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Combining Eq. (13) and (14) and using Eq. (7) we get,
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Integrating Eq. (15) with respect to x ,  
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where 1C is a constant of integration.   
On simplifying, 
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Substituting the value of Eq. (17) in (14), 
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Thus from Eq. (16) and (19) we get, 
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Substituting the value of 1C  in Eq. (18) and on simplification we have, 
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Using Eq. (9) & Eq. (10) in equation (21) and after some simplification, we get 
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where porosity m  and permeability K are treated as constant for isotropic, homogeneous porous medium.
Considering the dimensionless variables,  
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Equation (24) is the governing non linear partial differential equation describing the instability phenomenon of two 
immiscible fluids flow in the homogeneous porous medium with impervious bounding surfaces on three sides of an 
oil reservoir.    
The appropriate boundary conditions are considered as under [16]                                                                       
( ) ( ) ( )2, 0 , 0 1i pS X f X X
ξ
σ
= ≤ ≤                                                                                                                    (25)          
( )0, 1, 0iS T T= ≥                                                                                                                                           (26-a) 
( )1, 0 , 0iS T T= ≥                                                                                                                                              (26-b) 
The function ( )f X  describes a random effect of the initial saturation pattern. ξ  denotes the size of the 
disturbances and pσ  the variance in X direction. It is assumed that the entire oil from the initial boundary of the 
formation, 0x =  , has been displaced for all time by the impact of the injected water. Since
xX
L
= , the boundary 
condition (26-a) indicates that the saturation of water is 1 (100%) for 0T ≥ . This means that the relative 
permeability of oil at the common interface is zero for all time. At the boundary x L=  it is assumed that the 
saturation of water is zero i.e. water is not reaching to the boundary. Hence ( )1, 0iS T = , for all time. Using these 
boundary conditions, approximate analytical solution of equation (24) is obtained by using variational iteration 
method shown below.  
3. Approximate analytical solution 
According to variational iteration method [7, 8, 9], the correction functional for equation (24) is given by,  
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where λ  is a Lagrange multiplier which is obtained below. 
Here
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Then, its stationary conditions can be obtained as follows, 
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The Lagrange multiplier can therefore be simply identified as 1λ = −  and following iteration formula can be 
obtained, 
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For 0n =  the above equation becomes 
( ) ( ) ( ) ( ) ( )0 0
1 0 0
0
, ,
, , ,
T
i i
i i i
S X S X
S X T S X T S X d
X X
τ τ
τ τ
τ
§ ·∂ ∂§ ·∂¨ ¸= − − ¨ ¸¨ ¸¨ ¸∂ ∂ ∂© ¹© ¹³                                                              (32) 
where
0i
S   is an initial approximation. 
We choose the initial approximation [5] , 
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Considering the above equation as an initial approximation and substituting it in the iterative formula given by (32) 
the first approximation is obtained as  
1
2 21 6 ( 1 ) 2iS T X X X= − + − ++                                                                                                                               (35) 
Using the equation (31) and (35), second approximation is obtained as 
2
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Similarly using the iterative formula (31) the further iterations can be obtained. Equation (36) is the approximate 
analytical   solution of equation (24). The numerical representation of (36) is shown in Table -1 and its graphical 
representations of are shown in Figure-2 and Figure-3.  
Table 1: Numerical values of saturation of injected fluid ( ),iS X T at different time T 
( ),iS X T
  T X=0.1 X=0.2 X=0.3 X=0.4 X=0.5 X=0.6 X=0.7 X=0.8 X=0.9 
0.001 0.814889 0.643863 0.492958 0.362173 0.251509 0.160966 0.090543 0.040241 0.010060 
0.002 0.819837 0.647773 0.495951 0.364372 0.253036 0.161943 0.091093 0.040485 0.010121 
0.003 0.824844 0.651729 0.49898 0.366597 0.254581 0.162932 0.091649 0.040733 0.010183 
0.004 0.82991 0.655732 0.502044 0.368849 0.256145 0.163933 0.092212 0.040983 0.010245 
0.005 0.835036 0.659782 0.505145 0.371127 0.257727 0.164945 0.092781 0.041236 0.010309 
0.006 0.840222 0.663879 0.508283 0.373432 0.259328 0.16597 0.093358 0.041492 0.010373 
0.007 0.845469 0.668025 0.511456 0.375764 0.260947 0.167006 0.093941 0.041751 0.010437 
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Figure 2: Saturation of injected fluid ( ),iS X T  vs distance X for time T= 0.001, 0.004, 0.007 
Figure 3: Saturation of injected fluid ( ),iS X T  vs time T for fixed distance X=0.5 
4. Results and discussion  
The numerical results shown in Table-1 are obtained using equation (36). The following lists of parameter values are 
considered.  
Porosity (m) = 0.1, Permeability (K) = 1x10-13 m2, Viscosity of water ( iμ ) = 1cp (at 200c) (0.001 N.s/m2), Length 
(L) = 10 m, Density of water ( iρ ) = 1000 Kg/m3, Max size of Distribution (ξ ) = 100, Penetration length pσ = 10. 
From Table-1, it can be seen that the saturation of injected water decreases with the space variable X and increases 
with time T. This indicates that as time progresses the fingers will grow and the oil will be displaced towards the 
production well. This observation was possible up to ( )0.007 35 MinutesT t= =  i.e. after the long time the 
saturation of injected water does not resemble well with the phenomena. Thus, it is observed that fingers will be no 
more after a certain time period. Its graphical representation is shown in Figure-2 and Figure-3. It is clearly observed 
from Figure-2 that the saturation of water decreases as X increases which resembles well with the physical fact of 
the considered problem.  
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